Abstract. Noncommutative analogues of n-dimensional balls are defined by repeated application of the quantum double suspension to the classical low-dimensional spaces. In the 'even-dimensional' case they correspond to the Twisted Canonical Commutation Relations of Pusz and Woronowicz. Then quantum spheres are constructed as double manifolds of noncommutative balls. Both C * -algebras and polynomial algebras of the objects in question are defined and analyzed, and their relations with previously known examples are presented. Our construction generalizes that of Hajac, Matthes and Szymański for 'dimension 2', and leads to a new class of quantum spheres (already on the C * -algebra level) in all 'even-dimensions'.
Introduction
Just as classical spheres appear in variety of contexts, their quantum analogues may be studied from many a different perspective. One of the most common strategies is to view them as homogeneous spaces of compact quantum groups [22, 9, 30, 14] . In addition to quantum symmetry considerations, homological approach in the spirit of Connes noncommutative geometry has recently become prominent. Indeed, examples of quantum spheres have been constructed via Chern character techniques [6] . We refer the reader to [7] for an overview of various constructions of quantum spheres.
Other noncommutative analogues of classical topological methods have also been used in the study of quantum manifolds, and quantum spheres in particular. Among them, noncommutative analogues of the classical suspension were used explicitly or implicitly by several authors. Quantum double suspension was applied systematically in [15, 3] , and noncommutative Heegaard splitting was used in [21, 4, 12, 2] .
The main purpose of the present article is to relate quantum spheres to noncommutative balls, and to examine them from two other natural topological perspectives. Firstly, we realize quantum spheres as boundaries of noncommutative balls. Secondly, we construct quantum spheres by gluing as 'double manifolds' of noncommutative balls. Even though the latter technique goes back to [28] , only recently has it been used to produce new examples of 'two-dimensional' mirror quantum spheres [13] , and we generalize this approach to 'higher dimensions'.
In Section 2, working with arbitrary unital C * -algebras and their generators, we show how to perform the quantum double suspension operation not only on the C * -algebra level as in [15] but also on the level of a dense * -subalgebra (of polynomial functions). In Sections 3 and 4, we use this procedure to construct noncommutative balls in all 'dimensions' via repeated application of the quantum double suspension to a point ('even dimensions') and to a closed interval ('odd dimensions'). In Theorems 3.1 and 4.2, we present the resulting algebras in terms of convenient generators and relations. Remarkably, it turns out that in the 'even-dimensional' case our relations are essentially identical with the Twisted Canonical Commutation Relations of Pusz and Woronowicz [24] .
The C * -algebra C(B 2n q ) of the noncommutative 2n-ball is generated by n elements z 1 , . . . , z n . Their commutation relations imply that n i=1 z i z * i ≤ 1. Thus, it is natural to consider the quotient of C(B In the 'odd-dimensional' case, it turns out that the isomorphism class of the C * -algebras C(S 2n−1 q,β ) does not depend on the choice of β. Moreover, these glued quantum spheres S 2n−1 q,β can be naturally identified with the unitary quantum spheres (Proposition 6.1). The situation is quite different in the 'even-dimensional' case. Indeed, we find an automorphism β of C(∂B 2n q ) such that the C * -algebra C(S 2n q,β ) is not even stably isomorphic to C(S 2n q,id ) (Corollary 5.4). This happens in spite of the fact that these two C * -algebras (of type I) have homeomorphic primitive ideal spaces and isomorphic (classical) K-groups (Theorem 5.3). For such a β, we call S 2n q,β mirror quantum sphere. Our construction generalizes that of [13] carried for 'dimension 2'. While S 2n q,id may be naturally identified with the Euclidean quantum spheres (Proposition 5.1), the mirror quantum spheres S 2n q,β are new (already on the C * -algebra level). Finally, in Section 7, irreducible representations of the C * -algebras of noncommutative balls B n q and of the mirror quantum spheres S 2n q,β are presented.
The double of a noncommutative space
Let X be a compact manifold with non-empty boundary ∂X. Given a homeomorphism f : ∂X → ∂X of the boundary, the classical topological gluing construction yields a double X ∪ f X of X. To translate this picture into the language of C * -algebras, let C(X) be the commutative C * -algebra of continuous complex-valued functions on X, and let C ∂X (X) denote the continuous complex-valued functions on X vanishing on ∂X. Then C ∂X (X) is an essential ideal of C(X). If π : C(X) → C(∂X) is the surjection given by restriction then we have an exact sequence of commutative C * -algebras
The C * -algebra C(X∪ f X) is isomorphic to the pull-back of C(∂X) along two surjections π : C(X) → C(∂X) and f * • π : C(X) → C(∂X), where f * : C(∂X) → C(∂X) is the automorphism dual to f . Remark 1.1. An imbedding of X into a Euclidean space (R n or C n ) gives rise to a dense * -subalgebra O(X) (the polynomial algebra) of C(X), generated by the restrictions of the coordinate functions to X. Clearly, we have π(O(X)) = O(∂X). Furthermore, ∂X is the intersection of X with an affine variety if and only if O(X) ∩ C ∂X (X) is dense in C ∂X (X) in the sup norm topology.
In the present article, we are concerned with noncommutative analogues of the aforementioned classical setting. Let A be a unital C * -algebra (not necessarily commutative), J be an essential proper ideal of A, and π : A → B = A/J be the natural surjection. Thus, we have an essential extension
Suppose that β is an automorphism of B. Then we define A⊕ β A, the double of A, as
That is, A ⊕ β A is the C * -algebra defined by the pull-back diagram
The following proposition follows at once from our definitions.
Proposition 1.2. Let β and γ be such automorphisms of
Combining (2) with (3) we get the following exact sequence for the double A ⊕ β A:
which may be used to determine structural properties and invariants of the double. Remark 1.3. Throughout this article, an important role is played not only by C * -algebras but also by their polynomial subalgebras. Thus, if A is a C * -algebra, as above, we will also consider a dense * -subalgebra O of A, the polynomial algebra of A. Then π(O) will play the role of a polynomial algebra of B. In our examples, the following two additional conditions will be satisfied; firstly, O ∩ J will be dense in J (cf. Remark 1.1), secondly, the automorphisms β of B will be algebraic in the sense that β(π(O)) = π(O).
The quantum double suspension
Let {ξ j : j = 0, 1, . . .} be the usual orthonormal basis of ℓ 2 (N). We denote by {E ij : i, j = 0, 1, . . .} the system of rank one matrix units such that E ij (ξ k ) = δ jk ξ i . Then span{E ij : i, j = 0, 1, . . .} coincides with the algebra K of compact operators. We denote by V the unilateral shift V (ξ j ) = ξ j+1 . We also denote by z = id the standard unitary generator of C(S 1 ) with S 1 the unit circle in C. Let A be a unital C * -algebra. In [15] , the quantum double suspension Σ 2 A of A was defined as the unital C * -algebra for which there exists an essential extension
The following proposition follows easily from the definition of the quantum double suspension and its proof is omitted.
In what follows, we identify Σ 2 A with the C * -algebra of Proposition 2.1. Using this proposition one easily derives the following useful universal property of the quantum double suspension. Proposition 2.2. The quantum double suspension Σ 2 A of A has the following universal property. If B is a unital C * -algebra, T is an isometry in B (that is, T * T = 1), and ψ : A → B is a * -homomorphism such thatψ(1) = 1 − T T * , then there exists a unique * -homomorphism ψ : Σ 2 A → B such that ψ(1 ⊗ V ) = T and ψ(a ⊗ E 00 ) =ψ(a) for all a ∈ A.
We want to work with the quantum double suspension in the following setting. A unital C * algebra A plays the role of a deformed function algebra on a compact manifold. The deformation parameter is denoted q and belongs to (0, 1), with q = 1 being the classical case. Furthermore, x 1 , . . . , x n are distinguished elements of A generating a dense * -subalgebra (the polynomial algebra). There is no canonical way to define a polynomial algebra inside Σ 2 A and one has to make a choice. Using the notation introduced earlier in this section, we select the following generators X 1 , . . . , X n , X n+1 of the polynomial algebra of Σ 2 A:
Clearly, X 1 , . . . , X n+1 all belong to Σ 2 A and generate its dense * -subalgebra. Furthermore, the above choice of generators for Σ 2 A yields the following identities.
An easy calculation yields the following identity, relating {X j : j = 1, . . . , n + 1} to {x j : j = 1, . . . , n}, which will be very useful later in this paper.
Remark 2.3. Other natural choices of generators of Σ 2 A are also possible. For example, one might set
. . , n in (6), with X n+1 as in (7) . Then in formulae (8)- (9) we get q and q −1 instead of q 1/2 and q −1/2 , respectively.
3. The 'even-dimensional' noncommutative balls 3.1. The algebra. In [15] , the C * -algebras C(B 2n q ) of continuous functions on 'evendimensional' noncommutative balls were defined inductively for all n as follows:
q ). In this definition the parameter q is not explicitly involved, but it will become visible with a suitable choice of a dense * -subalgebra (polynomial algebra), below.
To begin with, we describe basic properties of these C * -algebras (cf. [15, 20] ). As shown in [15] , C(B 2n q ) is isomorphic with the C * -algebra C * (M n ) of a directed graph we call M n . This graph consists of n + 1 vertices {v 1 , . . . , v n+1 }, and edges {e i,j : i = 1, . . . , n, j = i, . . . , n+ 1} such that the source s(e i,j ) of e i,j is v i and its range r(e i,j ) is v j . In particular, M n contains a unique sink v n+1 (vertex emitting no edges), and from every other vertex there is a path to this one. For example, graph M 3 looks as follows.
• 
Then C * (M n ) is, by definition, the universal C * -algebra generated by mutually orthogonal projections {P i : i = 1, . . . , n + 1} (corresponding to the vertices of the graph) and partial isometries {S i,j : i = 1, . . . , n, j = i, . . . , n + 1} (corresponding to the edges), subject to the relations: S * i,j S i,j = P j and P i = n+1 j=i S i,j S * i,j . Now the ideal structure of C(B 2n q ) follows from the general theory of graph algebras [1, 16] . In particular, its primitive ideal space consists of n circles and one point. Similarly, the results of [25] The following theorem provides a convenient set of generators for C(B 2n q ), which may be regarded as q-deformed complex coordinate functions on a unit ball in C n .
with respect to representations in bounded operators) for the relations
Proof. At first we observe that the universal norm for relations (12) - (14) is finite. Indeed, (14) with i = n yields z * n z n = qz n z * n + 1 − q. Since ||z * n z n || = ||z n z * n || = ||z n || 2 and q = 1, this gives ||z n || = 1. Then proceeding by reverse induction on i we deduce from (14) that the norms of all z 1 , . . . , z n are universally bounded.
To prove the main part of the theorem, we proceed by induction on n. If n = 1 then the claim is that C(B 2 q ) is isomorphic with the C * -algebra C * (z 1 ), universal for the relation z *
The latter is nothing but the Klimek-Lesniewski algebra of the quantum disc, isomorphic with the Toeplitz algebra [19] . On the other hand,
(the quantum double suspension of the complex numbers) is the graph algebra known to be isomorphic to the Toeplitz algebra. This establishes the base for induction. For the inductive step, suppose
. . , Z n+1 ) be the universal C * -algebra for relations (12)- (14), with n replaced by n + 1. We must show that there exist * -homomorphisms φ :
To construct φ, we map Z 1 , . . . , Z n+1 to the n + 1 generators of Σ 2 C * (z 1 , . . . , z n ) given by formulae (6)- (7). That is,
It is not difficult to verify that the elements φ(Z 1 ),. . . , φ(Z n+1 ) satisfy (12)- (14) . Thus, φ extends to a * -homomorphism from (14) . Thus Z * n+1 Z n+1 is invertible and hence Z n+1 admits a polar decomposition (12) and (13)), so does 1 − T T * . Then one can verify that the elements Z i (1 − T T * ), i = 1, . . . , n, satisfy relations (12)- (14). Consequently, there exists a * -homomorphismψ :
and for i = 1, . . . , n we have
These two identities imply that φ • ψ = id. To prove ψ • φ = id we need the following technical lemma.
Then the following identities hold:
Proof. Let ρ be a representation of C * (Z 1 , . . . , Z n+1 ) on a Hilbert space H. Then, using the Wold decomposition of ρ(T ), H is a direct sum of two subspaces H 0 and H 1 such that ρ(T )| H 0 is unitary and H 1 is a direct sum of the subspaces ρ(
)| H 0 is invertible and it follows from (14) that it is unitary, and hence ρ(Z n+1 )| H 0 = ρ(T )| H 0 . Then, using (14) again, one shows by reverse induction on j that all ρ(Z j )| H 0 are zero for j = 1, . . . , n. Thus it suffices to verify (17) and (18) on H 1 , and this follows easily from the identities (12)- (14).
Back to the proof of ψ • φ = id. By virtue of (18), we have
Similarly, (17) implies that for i = 1, . . . , n we have
These identities entail ψ • φ = id, as required.
In the remainder of this paper, we suppress the isomorphism φ of Theorem 3.1 and simply identify C(B 2n q ) = C * (z 1 , . . . , z n ). We also note that in the course of proof of this theorem we showed that generators z 1 , . . . , z n of C(B 2n q ) and Z 1 , . . . , Z n+1 of C(B 2(n+1) q ) are related to one another in accordance with formulae (6)- (7), and hence they satisfy identity (11) .
We define the polynomial algebra O(B 2n q ) as the * -subalgebra of C(B 2n q ) generated by z 1 , . . . , z n . Remarkably, it turns out that this is exactly the * -algebra of twisted canonical commutation relations (TCCR) of Pusz and Woronowicz [24] . Indeed, the * -algebra of TCCR is generated by elements a 1 , . . . , a n satisfying the relations
Setting q = µ 2 one obtains an identification of this algebra with our O(B 2n q ) through the simple transformation:
Consequently, C(B 2n q ) is isomorphic with the enveloping C * -algebra of TCCR. This fact could also be derived from our realization of C(B 2n q ) as the graph algebra C * (M n ), combined with the stability results for TCCR obtained in [23] and [18] .
3.2. The boundary. We first observe that the generators of C(B 
q ) from identity (11).
We Proof. To prove the lemma, we use the identification of C(B 2n q ) with the graph algebra C * (M n ). The general theory of graph algebras tells us that the closed two-sided idealJ 2n of C * (M n ) generated by projection P n+1 is essential and isomorphic to the compacts K [8] . Moreover, it is the only ideal of C * (M n ) with these two properties. An easy inductive argument shows thatJ 2n ⊗ K is an essential ideal of C(B
belongs toJ 2n ⊗ K by (11), and thus toJ 2(n+1) .
It is natural to regard the quotient C(B 
and ideal J 2n is generated by projection P n+1 , it follows from the general theory of graph algebras that the quotient C(∂B 2n q ) is isomorphic to the C * -algebra of a graph obtained from M n by removing vertex v n+1 and all edges e i,n+1 (1 ≤ i ≤ n). In [15, Section 4.1], this graph was denoted by L 2n−1 . For example, by removing vertex v 4 from graph M 3 we obtain graph L 5 , which looks as follows.
The Cuntz-Krieger generators of C * (L 2n−1 ) are projections {Q i : i = 1, . . . , n} and partial isometries {R i,j : i = 1, . . . , n, j = i, . . . , n}. Note that R n,n is a partial unitary with domain and range projection Q n . It is worth mentioning that the above identification and the results of [15] immediately imply that C(∂B q ) is isomorphic with the C * -algebra C * (w 1 , . . . , w n ), universal for the relations
Combining (28) with (29) one deduces that element w 1 is normal and
w j w * j for i = 2, . . . , n.
It turns out that the boundary ∂B ) is generated by n elements z 1 , . . . , z n satisfying relations (4.1)-(4.4) of [15, Section 4] . We obtain an identification of this algebra with our O(∂B 2n q ) by setting µ 2 = q, z j = w n−j+1 for j = 1, . . . , n − 1, and z n = w * 3.3. The uniqueness criteria. When working with algebras defined by universal properties it is not difficult to construct their homomorphisms. However, it is usually a much harder task to decide if a homomorphism is injective or not. Very convenient criteria of injectivity of homomorphisms (known as uniqueness theorems) have been developed for the class of graph algebras, to which both C(B ) of the 'odd-dimensional' noncommutative balls are defined inductively for all n as follows:
. In particular, O(∂B
This definition, based on the general approach developed in [15] , first appeared in [10] . It is shown therein that the primitive ideal space of C(B 2n−1 q ) consists of n − 1 circles and a closed interval, with certain natural non-Hausdorff topology. This fact combined with the description of the primitive ideal spaces of all graph C * -algebras, given in [16] , implies that C(B 2n−1 q ) are not isomorphic to any graph algebras. Thus, contrary to the 'even-dimensional' case, in the present situation we cannot rely on the well-established machinery of graph algebras. However, some structural properties of the C * -algebras C(B 2n−1 q ) may be deduced from their inductive definition via the quantum double suspension. In particular, their K-groups can be calculated this way and shown to coincide with those of the classical balls. Proof. This is easily proved by induction on n, applying the six-term exact sequence of K-theory to extension (5). ) is isomorphic with the C * -algebra C * (x 1 , . . . , x n ), universal for the relations
Now we define generators of C(B
Proof. The following line of proof is very similar to the one from Theorem 3.1. Therefore we only sketch the main points.
Contrary to relations (12)- (14) of the 'even-dimensional' noncommutative balls which admit representations in unbounded operators, in the present case we always have ||x j || ≤ 1 due to (35). To establish the required isomorphism, we proceed by induction on n. Case n = 1 is obvious. For the inductive step, suppose C(B 2n−1 q ) ∼ = C * (x 1 , . . . , x n ), and let C * (X 1 , . . . , X n+1 ) be the universal C * -algebra for relations (31)- (35), with n replaced by n + 1. We must show that there exist * -homomorphisms φ :
. . , X n+1 ) such that ψ • φ = id and φ • ψ = id. These two maps are defined as in the proof of Theorem 3.1. Namely, φ maps X 1 , . . . , X n+1 to the n+ 1 generators of Σ 2 C * (x 1 , . . . , x n ) given by formulae (6)- (7). Obviously, elements φ(X 1 ), . . . , φ(X n+1 ) satisfy (31)-(34). They fulfill (35) thanks to identity (11) . As in the proof of Theorem 3.1, one verifies that X n+1 admits a polar decomposition T |X n+1 | in C * (X 1 , . . . , X n+1 ). Then a mapψ :
Finally, ψ is constructed with help of Proposition 2.2 so that ψ(1 ⊗ V ) = T and ψ(a ⊗ E 00 ) =ψ(a) for all a ∈ C * (x 1 , . . . , x n ). Verification of the identities φ • ψ = id and ψ • φ = id is carried out in the same way as in Theorem 3.1. In particular, Lemma 3.2 remains valid for operators X j , j = 1, . . . , n + 1, satisfying (31)-(35).
In the remainder of this paper, we simply identify C(B 2n−1 q ) = C * (x 1 , . . . , x n ). We define the polynomial algebra O(B x j x * j . In order to match the requirements of Section 1, this ideal must be essential.
Proof. At first we observe that J 2n+1 = J 2n−1 ⊗ K holds by identity (11), since x 1 is selfadjoint. Now we proceed by induction on n.
), the inductive step follows.
As an immediate corollary of Lemma 4.3 we see that
Analogously to the 'even-dimensional' case we define the boundary of B 2n−1 q by taking quotient of its C * -algebra with J 2n−1 , as follows.
Then, with the natural surjection π :
We define the polynomial algebra of ∂B 2n−1 q as the π image of the polynomials on B
). In terms of these generators, the C * -algebra C(∂B 2n−1 q ) has the following presentation, which follows immediately from Theorem 4.2 and our definitions. ) is isomorphic with the C * -algebra C * (t 1 , . . . , t n ), universal for the relations
It is useful to observe that combining (40) with (41) one obtains
In the case of n = 2 we have the following presentation of C(∂B 3 q ) = C * (t 1 , t 2 ): ) of 'even-dimensional' Euclidean quantum spheres studied in [9, 14] . Indeed, using the presentation for A(S 2n−2 µ ) in terms of generators c 0 , . . . , c n−1 (with quantization parameter µ) given in [14, Section 2], we obtain an identification of this algebra with our O(∂B 2n−1 q ) by setting µ 2 = q and c j−1 = µ n−j t j for j = 1, . . . , n. 
The 'even-dimensional' glued quantum spheres
For any complex numbers λ 1 , . . . , λ n of modulus one there exists a * -automorphism β of O(∂B 2n q ) such that (43) β(w j ) = λ j w j for j = 1, . . . , n, or (44) β(w 1 ) = λ 1 w * 1 , β(w j ) = λ j w j for j = 2, . . . , n. Any such an automorphism extends to the C * -algebra C(∂B 2n q ) and the extension is still denoted β. We define C * -algebras C(S 2n q,β ) of the 'even-dimensional' glued quantum spheres as the corresponding doubles q,β ). Consequently, it suffices to consider two cases only: β = id and β(w 1 ) = w * 1 , β(w j ) = w j for j = 2, . . . , n. We will show, below, that these two choices yield non-isomorphic C * -algebras. While β = id gives rise to previously known quantum spheres, the latter case produces a new class of quantum spheres which we call mirror quantum spheres. This construction and analysis generalizes results from [13] , applicable to the case of C(S 2 q,β ). We define the polynomial algebra O(S 2n q,β ) as follows. If β is of the form (43), then O(S 2n q,β ) is the * -subalgebra of C(S 2n q,β ) generated by
Note that element e 0 in (46) is well-defined by virtue of inequality (23) . If β is of the form (44), then O(S 2n q,β ) is the * -subalgebra of C(S 2n q,β ) generated by
Again, note that element e 0 in (48) is well-defined, since 1 − z * (23) and (14)). This last inequality is proved for C(B 2n q ) by induction on n. Indeed, 1 − z *
q ), and for the inductive step use (15) .
In either case, it is not difficult to verify that O(S 2n q,β ) is a dense * -subalgebra of C(S 2n q,β ). We now show that automorphisms of type (43) lead to quantum spheres S 2n q,β identical with the previously discussed boundaries of noncommutative 'odd-dimensional' balls. To this end, we prove that there exists a C * -algebra isomorphism from C(∂B ) from Proposition 4.4. Indeed, elements e 0 , e 1 , . . . , e n of C(S 2n q,β ) satisfy relations (37)-(41) for t 1 , . . . , t n+1 . The only non-trivial condition e 0 e i = q 1/2 e i e 0 , i = 1, . . . n, holds due to the following identity satisfied in C(B 2n q ) = C * (z 1 , z 2 , · · · , z n ):
for all i = 1, . . . , n, which may be verified by a straightforward induction based on (11) . Surjectivity of φ is obvious, while its injectivity follows from Proposition 4.6.
Remark 5.2. In view of Proposition 5.1 and the discussion following Proposition 4.4, we may conclude that the same 'even-dimensional' quantum spheres can be obtained through one of the following four distinct constructions: (i) as homogeneous spaces of the quantum orthogonal groups, (ii) as boundaries of 'odd-dimensional' noncommutative balls, (iii) by gluing 'even-dimensional' noncommutative balls along their boundaries, and (iv) by repeated application of the quantum double suspension applied to the classical 2-point space.
If the boundary automorphism is of the form (44), then it is not clear whether the generators of C(S 2n q,β ) have universal property with respect to a finite set of algebraic relations, as is the case with C(S Proof. If β is of the form (43), then these claims follow from the identifications summarized in Remark 5.2 and the results of [15] . Thus, we may consider only the case when β is of the form (44). Furthermore, we may take all the scalars λ i to be equal to 1, and thus β(w 1 ) = w * 1 , β(w j ) = w j for j = 2, . . . , n. It is more convenient to view C(B 2n q ) as the graph algebra C * (M n ), and thus C(S
, as explained in Section 3. Then in terms of the Cuntz-Krieger generators of C * (L 2n−1 ), the automorphism β acts as β(R i,j ) = R i,j for i = 1, . . . , n−1, j = i, . . . , n, and β(R n,n ) = R * n,n . This is easily seen by combining [15, Theorem 4.4] and our identification of C(∂B 
Applying the six-term exact sequence of K-theory we get (53)
q,β )) ←−− − 0 We must determine the index map. To this end, note that the K 1 group of C * (L 2n−1 ) is generated by the class of unitaryŨ = R n,n + 1 − Q n , due to Rørdam's description of generators of the K 1 group of a Cuntz-Krieger algebra [26] . ThisŨ lifts to a partial isometry U = (S n,n + 1 − P n , S * n,n + 1
Since P n+1 is a minimal projection in the ideal K, we have ∂ ind (1) = (−1, 1). This immediately implies that
q,β )) is generated by the classes of minimal projections in K⊕K and the class of identity. However, in
and hence [(0, 
q,β )) = 0, the Universal Coefficient Theorem [27] immediately implies that also
6. The 'odd-dimensional' glued quantum spheres
We now briefly go over the case of 'odd-dimensional' glued quantum spheres. Unlike the previously discussed 'even-dimensional' case, this time we do not obtain any new examples of quantum spheres.
For any complex numbers λ 2 , . . . , λ n of modulus one there exists a * -automorphism β of O(∂B 2n−1 q ) such that (54) β(t 1 ) = t 1 , β(t j ) = λ j t j for j = 2, . . . , n, or (55) β(t 1 ) = −t 1 , β(t j ) = λ j t j for j = 2, . . . , n.
Both automorphisms extend to the C * -algebra C(∂B Remark 6.2. In view of Proposition 6.1 and the discussion following Proposition 3.4, we may conclude that the same 'odd-dimensional' quantum spheres can be obtained through one of the following four distinct constructions:
(i) as homogeneous spaces of the quantum unitary groups, (ii) as boundaries of 'even-dimensional' noncommutative balls, (iii) by gluing 'odd-dimensional' noncommutative balls along their boundaries, and (iv) by repeated application of the quantum double suspension applied to the classical circle S 1 .
Irreducible representations
In this section, we give explicit formulae for irreducible representations of the noncommutative balls C(B Let ρ be an irreducible representation of C(∂B 2n q ) and letρ be its lift to C(S
